Abstract. In this paper, we establish the sharp estimate of the Lipschitz continuity with respect to the Bergman metric. The obtained results are the improvement and generalization of the corresponding results of Ghatage et al. [3] and Hosokawa et al. [4] .
Introduction and main results
Let C n denote the Euclidean space of complex dimension n. For z = (z 1 , . . . , z n ) ∈ C n , the conjugate of z, denoted by z, is defined by z = (z 1 , . . . , z n ). For z and w = (w 1 , . . . , w n ) ∈ C n , we write z, w := z · w = For a = (a 1 , . . . , a n ) ∈ C n , we set B n (a, r) = {z ∈ C n : |z − a| < r}.
Also, we use B n to denote the unit ball B n (0, 1) and let D = B 1 . In the following, we always treat z ∈ C n as a column vector, that is, n × 1 column matrix
The class of all holomorphic functions from B n into C n is denoted by H(B n , C n ). Let Aut(B n ) be the automorphism group consisting of all biholomorphic self mappings of the unit ball B n (cf. [8] ). For z ∈ B n , let B(z) = (1 − |z| 2 )I + A(z) (1 − |z| 2 ) 2 be the Bergman matrix, where I is the n × n identity matrix and 
For a smooth curve
For any two points z and w in B n , let β(z, w) be the infimum of the set consisting of all ℓ(γ), where γ is a piecewise smooth curve in B n from z to w. Then we call β the Bergman metric in B n (cf. [11] ). The prenorm f P(n,α) of f ∈ H(B n , C n ) is given by
where α > 0 and
n . For more details on prenorm, we refer to [6] .
Let B P(n,α) be the class of all holomorphic mappings f ∈ H(B n , C n ) satisfying f P(n,α) < ∞. We call f ∈ B P(n,α) a Bloch type mappings. In particular, B P(1,α) is the classical family of α-Bloch functions (cf. [10, 11] ).
For z, w ∈ D, the pseudo-hyperbolic distance is defined as
is Lipschitz continuous with respect to the pseudo-hyperbolic metric, which is given in Theorem A below.
We remark that the constant C = 3.31 in Theorem 1 is not sharp. In [5] , Hosokawa and Ohno proved
f (w) ≤ 20 f P(1,1) ρ(z, w), and they used it to discussed the composition operators on the Bloch spaces (cf. [4, 5] ). For more details on this topic, see [1, 2, 7, 9] .
Let ϕ be a holomorphic mapping of B n into B n . For all f ∈ B P(n,α) , let C ϕ : f → f • ϕ be a composition operator. As an application of Theorem A, Ghatage et al. [3] proved Theorem B. [3, Theorem 2] Let ϕ be a holomorphic mapping of D into D. If for some constants r ∈ (0, 1/4), and ε > 0, for each w ∈ D, there is a point z w ∈ D such that ρ(ϕ(z w ), w) < r, and
In this paper, by using a different method, we generalize Theorems A and B to several dimensional case and obtain the sharp estimate of the Lipschitz constant with respect to the Bergman metric.
. Moreover, the constant M(n) in (2) cannot be replaced by a smaller number.
The following result is an application of Theorem 1.
and
Moreover, the extreme functions f (z) = ±3 √ 3z 2 /4 show that the estimates (3) and (4) are sharp.
Applying Theorem 1, we get the following result which is an improvement of Theorem A.
Theorem 3. Let ϕ be a holomorphic mapping of B n into B n . Suppose that there is constants 0 < r < 1 M (n) n+2 1+n 1 n and ε > 0 such that, for each w ∈ B n , there is a point z w ∈ B n satisfying tanh β(ϕ(z w ), w) < r n and |τ ϕ (z w )| > ε, where
and M(n) is defined as in Theorem 1. Then, for all f ∈ B P(n,1) , there is a constant k(n, r, ε) > 0 depended only on r, ε and n such that
The proofs of Theorems 1-3 will be presented in Section 2.
Proofs of the main results
We begin the section by recalling the following results which play an important role in the proofs of Theorem 1.
Then ϕ is increasing in [0, a 0 (α)], decreasing in [a 0 (α), 1] and ϕ(a 0 (α)) = 1.
, we have
where m α (λ) is the unique real root of the equation ϕ(x) = λ in the interval [0, a 0 (α)] and, ϕ and a 0 (α) are defined as in Lemma C. Moreover, for all z with |z| ≤
Moreover, the estimates of (5) and (6) are sharp.
Proof of Theorem 1. Without loss of generality, we assume that f P(n,1) = 1 and D
we see that
and , we have (9) Re
where m 1 (λ) and a 0 (1) are defined as in Theorem D.
Subcase 2.1. |w| ≤ m 1 (λ). It is easy to know that
On the other hand, by calculations, we have
By Lemma C and Theorem D, we have
which, together with (7), (8), (9), (10) and (11), implies that
Subcase 2.2. |w| > m 1 (λ). Then, by (7), (8) and (12)
n . Now we prove the sharpness part. For any ǫ ∈ (0, M(n)], let
By (13), we get
For z ∈ B n , let
Now we prove (16). For z ∈ B n , let
By Lemma C, we have For a = (m * 1 (λ), 0, . . . , 0) and z ∈ B n , set
Then, by (14), we have
which, together with (17), implies that
Hence ( .
